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Summary 


'i'l'.e  ontciiVia  t;;. :;oe>.i  for  the  Z-iiiohc  .-.t  i'l;  not  only 

act  ac  a  receptor  for  cosmic  slf^nals  hut  uu'.st  also  be  capable 
of  measuring  the  local  properties  of  the  louor:  boric  medium. 
The  reception  properties  of  the  antenun  liave  Ijeen  investi¬ 
gated  and  the  effective  area  formulas  are  presented.  The 
measurement  of  the  plasma  parameters  (l.e.,  electron  density 
N  and  collision  frequency  v)  is  complicated  by  the  proximity 
of  the  operating  frequency  (for  the  Z-mode)  to  the  cyclotron 
frequency.  By  operating  sufficiently  above  the  cyclotron 
frequency,  the  anisotropy  in  the  medium  may  be  neglected. 

The  theoretical  relation  between  the  base  Impedance  of  the 
antenna  probe  and  the  properties  of  the  medium  determines  N 
and  V.  The  collision  frequency,  however,  is  too  small  to  be 
measured  when  the  operating  frequency  is  elevated  above  the 
cyclotron  frequency.  A  theory  has  been  developed  which  allow 
the  antenna  to  operate  near  the  cyclotron  frequency.  The 
special  case  of  the  dipole  alllgned  along  the  magnetic  field 
has  been  computed.  A  preliminary  antenna  study  would  aid  iu 
determining  the  validity  of  the  theory. 

An  alternative  method  is  available  for  measuring  N  and  v 
near  the  cyclotron  frequency.  In  this  method  only  the 
receiving  properties  of  the  antenna  are  needed.  Since 
alternative  methods  are  available  for  determining  the  actual 
plasma  parameters  the  new  theory  may  be  easily  checked. 


ANTENNA  STUDY  FOR  Z-MODE  SPACE  RADIO  PROGRAM 


1.  Introduction 

It  has  been  suggested  by  Ellis  [ij  that  an  antenna 
physically  located  In  the  Z-mode  propagation  region  of  the 
terrestrial  ionosphere  would  be  subject  to  greatly  Increased 
angular  resolution.  Theoretical  calculations  show  that  the 
expected  beamwldth  would  be  the  order  of  a  fraction  of  a 
degree.  This  order  of  resolution  is  due  to  the  special 
propagation  properties  of  waves  In  an  Ionosphere  containing 
a  static  magnetic  field.  That  is,  only  those  Incoming  waves 
which  form  a  small  cone  about  the  direction  of  the  magnetic 
field  are  allowed  to  illuminate  the  antenna.  Simple  ray 
tracing  has  already  been  applied  to  the  problem  of  finding 
the  cone  angle  of  the  incoming  waves.  However,  more 
sophisticated  techniques  are  needed  to  determine  the  actual 
antenna  parameters . 

One  method  of  determining  the  electron  density  N,  and 
collision  frequency  v  of  a  plasma  Is  to  measure  the  driving 
point  impedance  of  the  antenna  ^2^  .  This  method  has  been 
successful  for  the  case  of  a  linear  antenna  immersed  in  an 
Isotropic  plasma  (l.e.,  no  magnetic  field).  However,  for 
propagation  of  waves  under  Z-mode  conditions  the  operational 
and  cyclotron  frequencies  are  necessarily  of  the  same  order. 
The  antenna  problem  consists  of  relating  antenna  measure¬ 
ments  to  the  parameters  N  and  v  with  the  dipole  Immersed  In 
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the  anisotropic  medium.  For  the  case  of  the  antenna 
Immersed  In  an  isotropic  medium,  the  driving  point  Impedance 
has  been  related  to  M  and  v  ^3^  .  Unfortunately,  the 
problem  of  finding  the  driving  point  impedance  of  an 
antenna  in  an  anisotropic  medium  has  not  yet  been  solved. 

The  complication  is  due  to  the  difficulty  in  writing  a 
single  equation  which  involves  the  antenna  current. 

A  further  complication  is  found  in  the  measurement  of 
the  collision  frequency.  In  the  region  of  interest,  the 
collision  frequency  is  very  small  compared  to  the  plasma, 
cyclotron,  and  operating  frequencies.  Three  possible 
measurement  procedures  will  be  presented  in  this  paper. 

In  the  first  method,  the  measurement  frequency  is  about 
ten  times  the  cyclotron  frequency.  The  anisotropy  of  the 
medium  is  then  neglected  in  the  theoretical  calculation  of 
the  electron  density  and  collision  frequency.  No  difficulty 
arises  in  determining  N  from  driving  point  impedance  measure¬ 
ments  on  the  antenna.  However  the  measurement  of  v  is 
marginal,  due  to  its  small  value  in  the  ionospheric  region 
of  interest. 

The  second  method  utilizes  measurements  made  at  the 
Z-mode  operating  frequency.  Here  the  anisotropy  of  the 
medium  must  be  considered.  An  approximate  method  of 
determining  N  and  v  is  given.  This  method  requires  a 
knowledge  only  of  the  receiving  properties  of  the  linear  antenna. 


4 


In  the  simplified  model  of  the  receiving  system.  It  Is 
assumed  that  all  the  anisotropic  properties  of  the  medium 
are  contained  In  the  wave  Impinging  on  the  antenna.  This 
physical  model  follows  from  the  Thevenln  equivalent  circuit 
for  a  receiving  antenna.  The  equivalent  Impedance  of  a 
receiving  antenna  Is  the  impedance  seen  at  the  antenna 
terminals  with  all  sources  short  circuited  (e.g.,  no  electric 
field  from  a  distant  source).  The  equivalent  driving 
voltage  Is  the  open  circuit  voltage  at  the  antenna  terminals. 

Along  with  the  measurement  of  the  plasma  parameters 
N  and  y,  we  must  also  determine  the  effective  area  of  the 
antenna.  The  effective  area  Is  computed  from  the  relation 
between  the  power  density  S(wm“^)  In  the  medium  and  the 
received  power  as  measured  at  the  terminals  of  a  load 
Impedance.  The  effective  area  Is  easily  computed  from  the 
equivalent  circuit  of  the  receiving  antenna  in  an  anisotropic 
medium. 

The  most  direct  approach  Is  to  measure  N  and  v  near 
the  plasma  frequency.  The  medium  Is  sufficiently  lossy  near 
the  plasma  frequency  for  a  dependable  measurement  of  v.  in 
this  case,  since  the  plasma  frequency  is  near  the  cyclotron 
frequency,  the  anisotropy  of  the  medium  must  be  considered. 

A  new  theory  with  some  particular  solutions  is  presented. 
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2.  PetermlnlriK  the  plasma  parameters  with  anisotropy  neglected 
The  driving  point  impedance  (Zq  *  v  )  of  an  electrically 
short  cyclindrical  antenna  Immersed  in  a  plasma  medium  has 
been  theoretically  calculated  by  King  The  electron 

density  and  collision  frequency  are  related  to  the  consti¬ 
tutive  parameters  of  the  medium,  i.e.,  the  dielectric 
constant  ^  and  the  conductivity  O'  .  The  theory  relates  the 
driving  point  Impedance  to  the  constitutive  parameters  of  the 
medium.  From  the  values  of  £  and  (f  the  values  of  N  and  v 
are  easily  determined.  The  representative  values  of  N  and  v 

for  the  z-mode  propagation  study  are: 

11 

N  =  10  electrons  m 
2 

Fg  region  of  v  =  5  x  10  cps  (2-1) 

ionosphere  =»  cyclotron  frequency  «  8,6x10^  rad/sec 

«p  =>  plasma  freq  *  17.6x10^ ''raA/aec. 

The  proposed  unfurlable  cyclindrical  antenna  has  the 
following  dimensions: 

h  »  half-length  =  4.68  ft  =*  1.43  M 

a  =  radius  =  ^  inch  =  (1/48)  ft.  (2-2) 

2  ln(2h/a)  »  12.2  . 


The  above  antenna  may  be  considered  as  a  representa¬ 
tive  short  antenna  for  space  probing  operations.  The 
operating  frequency  fo  is  10.0  mc/s.  The  electrical  length 


in  vacuo  is 


^0" 


\o 


•  h  *  0.30,  and  the  driving  point 


Impedance  of  the  antenna  in  vacuo  is  given  by  King  as: 
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2wy8 


4.4 


"  3(A-3)rYr 


+  J 


OTdl 


oTdi 


(1  + 


§_i± 


).  (2-3) 


Where 


-  0.30<1 

^  2  X(2h/a)  »  12.2 

3  2  y^n(h/a)  -2  =»  8.8 

-  1  +  (1.08/(r-3))  = 


1.117, 


(2-4) 


and  with  eqn. (2-4)  In  eqn. (2-3)  the  driving  point  admittance 
Is; 

Y(jS  ^)  =  .556  X  10“^  +  J  0.590  x  lo"^  mho 
or  (2-5) 

z(ySo)  =  lA()So)  =  1,60  -  J  1690  ohms 

Note  that  the  driving  point  reactance  Z(/9q)  Is  mainly 
capacitive,  a  characteristic  of  short  antennas  (l.e.,^  ^h<l). 
With  the  measurement  frequency  sufficiently  elevated  above 
the  cyclotron  frequency,  the  magnetic  field  may  be  neglected. 
The  antenna  may  then  be  considered  as  Immersed  in  a  homo¬ 
geneous,  isotropic  conducting  dielectric  (l.e.,  a  plasma) 
characterized  by  an  equivalent  dielectric  Instant  (£.)  and 
conductivity  {O’)  given  by  the  classical  relations; 

€  -  £0  ^r  ‘  T — 7~2 — 1  ^'arads  per  meter  (2-6) 

[  £om(v‘'+«  )  I 

2 

/<  Ne  V 

m( v^+w^) 


mho/m 


(2-7) 
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where 

“12 

s  8.85  X  10"  farads  per  meter  =  dielectric  constant 
°  in  vacuo 

w  =  operating  frequency  (2T^f^) 

e  =  charge  on  electron  -  1.602  x  10"^^  coulombs 

m  =  mass  of  electron  -  9,108  x  10“^^  kg. 

The  values  of  and  O  which  correspond  to  eqn,  (2-1) 

and  w  =  20if  x  10^/sec  =  10  me)  are; 

£  =  0.919C  ^ 

(2-8) 

CT  -  3.58  X  10**^^  mho/m  . 

The  values  in  eqn, (2-8)  correspond  to  a  loss  tangent 

1=  -^  )  of  7.01  X  10"7.  This  low  value  for  the  loss  tangent 
w  €. 

indicates  that  the  plasma  is  only  slightly  conducting.  The 
driving  point  admittance  of  the  antenna  immersed  in  the 
plasma  is  determined  from  formulas  in  King  ^6^.  A  compari¬ 
son  of  the  values  in  vacuo  and  in  plasma  indicates  whether 
a  measurable  difference  exists  for  determining  both  N  and  v>. 
At  the  outset  it  should  be  noted  that  the  major  problem  is 
in  measuring  v  and  not  in  measuring  N.  From  the  viewpoint 
of  measuring  v,  the  normal  arrangement  would  Include  a 
measuring  system  which  operates  near  the  collision  frequency. 
However,  since  the  collision  frequency  is  far  below  the 
cyclotron  frequency,  the  magnetic  field  terms  are  a  major 
contribution  to  the  condutlvity.  Furthermore  the  theorist 
must  still  contend  with  the  anisotropy  of  the  medium. 


8 


The  driving  point  admittance  of  a  short  antenna  (^h<l) 
immersed  in  a  plasma  is  given  by:  |n.B.  the  complete  formula 
for  (CC/^)<1  is  given  in  Ref.  4j  . 


Y(k) 


2-n 


^  jgh  +  Vf]  +  <€ 


reTdl  \f  r  '  S'-  ■■■J  ■  -BiirisT 


(2-9) 


where 

where 


(2  ^  )^^<:i 


k  -  propagation  constant  -  “  -j  ^ 
«  =  attenuation  constant 
=  phase  constant 

-  ^o/V^"  ^  •/?o\/£r  ' 

2 


also  for  (^)  <  <  1 
k 


YTT  (1  - 


^(1  -  “Vf  t  (; 


J 


2«  € 


(2-10) 


The  driving  point  admittance  for  the  short  antenna  in 
plasma  is  given  by  eqn, (2-9)  with  eqns.(2-8)  and  (2-10),  thus; 


Y(k)  -  G(k)  +  J  B(k); 


where 


G(k)  =  3.82  X  10"^°  +  4.49  X  10"^  mho 


-4 


B(k)  -  5.65  X  10’  mho 


(2-11) 

(2-12) 

(2-13) 


The  measurement  of  v  depends  on  an  appreciable  change  in 
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conductance  G  with  the  dipole  In  vacuo  and  In  the  plasma. 

The  value  of  G  due  to  the  change  In  dielectric  constant 
alone  Is: 

G(h)  =  €5/2  G  (^q)  -  4.49  X  10"^  mho  (2-l4) 


A  comparison  of  eqns.  (2-12)  and  (2-l4)  shows  that  the 
contribution  due  to  the  collision  frequency  (3.82  x  lO’^®  mho) 
Is  Insufficient  for  measurement.  The  situation  may  be 
Improved  by  operating  closer  to  the  cyclotron  frequency. 
Actually  the  above  calculations  assume  an  operating  fre¬ 
quency  higher  than  may  be  necessary  (l.e.,  (“/“b  )  ^  7.25) 

In  order  to  neglect  the  anisotropy.  The  criterion  for  error 
Introduced  In  neglecting  the  anisotropy  of  the  medium  Is 
the  ratio  (V))  of  the  off-diagonal  to  the  diagonal  complex 
dielectric  coefficient  t]  ,  thus: 


(2-15) 


where  v  <  <  w,  Wp, 

For  example,  at  an  operating  frequency  of  10  mc/s 
(w  =:  20V  •  10^  rad.  per  sec),  w  =  8.6  x  10^  rad.  per  sec., 
and  <*>p  =  17.6  X  10^  rad  per  sec  (see  eqn,2-l)  then 

-2 


yi  =  1.21  X 10 


(2-16) 
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From  the  low  value  of  in  eqn- (2-l6)  it  is  expected 
that  the  error  in  neglecting  the  anisotropy  will  be  the 
order  of  one  per  cent. 

In  order  to  get  a  sufficient  loss  in  the  medium  for  a 
dependable  measurement  of . It  Is  necessary  to  operate 
close  to  the  plasma  frequency.  For  example,  consider  the 
value  of  (®/iS)  given  by  eqs.  (2-10),  (2-6)  and  (2-7),  or 


/  a  \  w  V 

P 


(2-17) 


With  /Sh  =*  0.3,  the  value  of  (®//^)  must  be  approximately 

-4 

10  in  order  to  give  a  measurable  change  In  conductance 
(see  eq.  2-4).  With  the  operating  frequency  reduced  to 
4,0  me  the  corresponding  value  of  (“//^)  ffom  eq.  (2-17) 
is  9.60  X  lo"^.  The  admittance  of  the  antenna  in  the 
plasma  is  given  by  eqn, (2-4)  with  (°//ff)  =»  9,6  x  10  , 

Cj,  “  0.544  and  -  >^16  jjh  a  0.221,  thus; 

-Q  -7  -7 

G(k)  -  (8.06  X  10  ^  -I-  2.17  X  10  )  =«  2.25  x  10  ' 

Y(k)  =  +4.38  X  lO"^  mho 
or 

Z(h)  -  1.17  -  j  1002  ohms. 


The  value  of  conductance  due  to  the  change  In  alone 

_7 

Is  2,17  X  10  ,  and  the  contribution  from  the  collision 

frequency  term  is  8.06  x  10"^.  This  change  in  conductance 
is  perhaps  Just  sufficient  for  detection.  However  the 
error  in  the  measurement  due  to  proximity  to  the  cyclotron 
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frequency  is  rather  large.  As  a  measure  of  the  error,  the 
anisotropy  ratio  In  eq.  (2-15)  becomes: 

*  0.45. 

3,  Approximate  solution  for  the  driving  point  Impedance 

of  an  electric  dipole  Immersed  In  an  anisotropic  plasma 


Ir-I  +6 

^2a  Fig,  3-1.  Cylindrical  antenna 

The  analysis  in  this  paper  Is  restricted  to  antennas 
where  the  length  is  such  that 

IS  h«l  (3-1) 

'  0 

where 

/So'^’Ao-  <3-2) 

The  relevant  boundary  conditions  require  that  the  tangential 
components  of  the  electric  field  are  continuous  at  r  =«  a  or 

X  X  + 'r^2  X  Eg  ^0. 


(3-3) 
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where  refers  to  the  conductor  and  to  the  medium. 
Equation  (3-3)  Is  equivalent  to: 


) 

r=a 


(E  ) 
'  Z2^ 


r  ^a 


(3-4) 


Furthermore  the  current  Is  considered  to  be  entirely  In  the 
Z-dlrectlon  and 


l2(Z)  -  0,  Z  =  +  h  .  (3-5) 

The  antenna  Is  driven  by  a  slice  generator  of  potential 
difference  where: 

V-  =  11m  U(6)  -  J2f  (-8)1  -  2  0  (0).  (3-6) 

°  6->o  -J 

In  the  medium  the  electric  field  Is  given  by: 

“tg  »  -  V  ^2^2  - (3-7) 

The  gauge  condition  may  be  used  to  relate  the  vector  and 
scalar  potential,  thus  for  a  tensor  dielectric  constant: 

V(7-t2)  +  J»€^|7(^2  .  0.  (3-8) 

With  the  value  of  V  in  eq.  (3-8)  substituted  in  eq.  (3-7) 
the  electric  field  is  given  by: 

Eg  =  (7  (V  -A)  +  A) . 

0 

A 

As  I  *  I„  and  A  =»  A„,  then  at  r  ^  a: 

Z  Z 


(3-9) 
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(E 


r  =a 


(3-10) 


The  electric  field  just  inside  the  conductor  (E  ) 

^1  1?  aa 

given  in  terms  of  internal  impedance  per  unit  length  Z 
and  the  total  current  thus: 


is 

i 


(E 


v-a 


(3-11) 


Substituting  eqs.  (3-10)  and  (3-11)  in  eq. 


(3-4), 


it  follows: 
(3-12) 


It  should  be  noted  in  passing  that  the  gauge  condition 

in  eq.  (3-8)  must  be  compatible  with  eq,  (3-12),  At  the 

i 

outset  it  is  known  that  for  good  conductors  Z  «  0,  and  the 
particular  solution  of  the  differential  equation  can  be 
neglected.  We  must  therefore  look  for  a  solution  of  the 
homogeneous  equation: 


(3-12) 


The  vector  potential  is  expressed  by: 

{?]  »  l/4wv^  Cr  “r^)  .  (3-13) 

where  ^  =»  tensor  Green's  function  for  an  anisotropic  medium. 
For  our  case: 


(3-14) 
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The  tensor  Green's  function  Is  obtained  by  the  following 
Inverse  transform  [sj  : 


(3-15) 


where 


I  =  Identity  tensor. 


(3-16) 


As  a  specific  example  consider  the  case  where  the  magnetic 
field  Is  parallel  to  the  antenna.  The  tensor  dielectric 
constant  Is  given  by: 

CllJ  ^12  ^ 


^  ^12^11  ® 

°  “Sb  j 


(3-17) 


The  Q  tensor  has  already  been  computed  for  this  case  by 

Cook  [9J  .  Fro.  eq.  (3-13)  it  follows  that; 

h 

\  J  l2(Z^)dZ^ 


(3-18) 


-h 


where 


-ikoZ/R 


G33(Z^Z")  =  e’"*^3“ 


o'-BB 


=  V (Z  )"  + 


(3-19) 


The  form  of  the  vector  potential  eq.  (3-I8)  and  the 
homogeneous  Helmholtz  equation  (3-12)  Is  Identical  to  the 
Isotropic  case  with 


33  * 


(3-20) 
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/S  oh<l  (4-1) 

where 

/9  ^  2ir/A  o*  length  of  antenna. 


This  condition  not  only  simplifies  the  mathematical 
formulation  but  insures  that  the  properties  of  the  medium 
do  not  change  over  the  length  of  the  receiving  antenna. 
For  the  frequencies  of  Interest  the  length  of  the  antenna 
compared  with  a  wavelength  is  indeed  small. 

The  receiving  antenna  in  a  plane  wave  field  is  shown 


Fig.  4-1.  Dipole  antenna  in  an  arbitrary  plane  wave  field 

The  Klng-Mlddleton  integral  equation  for  the  receiving 
antenna  in  an  arbitrarily  orientated  plane  wave  field  is: 
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h 

|^(cos  kZ-cos  kh) 

-1^  / 

cos  qh  cos  kZ-cos  qZ  cos  kh) 


(4-2) 


+  2V  sin  k(h-  1^1  )J 


where 


g-JkR  -JkRh 
K.(Z,Z^)  - - -  K(Z,Z^)  -KCh^Z-*) 


K  >  /S-J”,  /?-  phase  constant,  o  »  attenuation  constant 


R  -  V(Z-zl)^  +  a^  ,  a  3  radius  of  antenna 
3  ^(h-zl)^  + 

t  r 

-J  ~  \  I„(Z^)K(h,Z^)dZ^,  =  -E^  cosYA  sin  9. 

4ir  ^  2 

-h 

V  3  i(o)Z2  for  the  receiving  case,  1(0)  -  base  current 
Z^  3  Load  Impedance,  q  3  k  cos  0  , 


(4-3) 


(4-4) 


The  right  hand  aide  of  the  integral  equation  (4-2) 
contains  three  terms:  the  first  is  proportional  to 
^cos  kz  -  cos  kh^,  where  the  current  is  on  a  dipole  in  a 
parallel  plane  wave  field.  The  coefficient  U  is  constant 
along  the  length  of  the  antenna,  where  the  plane  wave  is 
parallel  to  the  element.  The  second  term  has  a  coefficient 
proportional  to  the  incident  electric  field.  This  term 
produces  a  current  proportional  to  ^cos  qh  cos  kz  -  cos  qz  cos  kh 
The  complexity  of  the  second  current  compared  to  the  first  is 
due  to  the  tilt  of  the  Incident  electric  field.  When  the 
Incident  electric  field  is  parallel  to  the  antenna,  this 
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term  reduces  to  (cos  kz-cos  kh).  The  last  term  on  the 
right  hand  side  of  eq.  {>'  is  proportional  to  the  equiva¬ 
lent  driving  voltage  and  produces  a  sinusoidal  current  as  In 
an  open  wire  line  or  an  Isolated  transmitting  antenna. 

The  solution  for  the  electrically  short  antenna  follows 
for  the  expansion  of  the  Integral  with  is  a  small 

parameter  and  the  new  quasl-zeroth  order  solution  for  the 

* 

King-Mlddleton  Integral  equation. 

The  original  Integral  equation  (4-2)  may  be  rewritten 


for  the  electrically  short  receiving  antenna  as  follows; 

-h 

"  -  |\/’C!:h(l-^)  I- l/'C'kh(l-Z^/h^)  ^ 


+  V  S(1 


-(z/A)  . 


where 


cos  kz  -  cos  kh  *3^  4  Ck^  (1-Z^/h^)  =  P  „ 

oZ 

.  op  2  2 

cos  qh  cos  kz  -  cos  qz  cos  kh  ^  ^  C  k  h  (l-Z  /h  )  =»  F 


(4-6) 


*A  similar  sc"-  Ion  for  the  transmitting  antenna  may  be 
found  In  "The  electrically  short  antenna  as  a  probe  for 
measuring  electron  densities  and  collision  frequencies  In  an 
ionized  medium,"  R,  King  and  C.  Harrison,  J.  of  N.B.S.,  D, 
No.  4,  pp.  371-384,  July-August  196I. 
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C  =»  l-iA^/12) 
qI  ,  (1  .  k^h^aln^Q^  sln^Q 

S  =•  1  -  (k^hVs) 

The  Integral  equation  (4-  '  with  =  0  has  been  solved  by 
King,  fii  ai*  [loj  using  suitable  trigonometric  approxima¬ 
tions  for  the  vector  potentials  produced  by  the  triangular 
(1-  |z  I  /h)  and  parabolic  (l-z  /h  )  current  distributions. 
Expressions  for  the  driving  point  Impedance  (Zq)  and  admittance 
(Yq)  of  the  transmitting  antenna  are  given  by  King,  The 
additional  current  Introduced  by  the  impinging  plane  wave 
field  is  given  by: 

lj(z)  .  ' -  (i.-8) 

where 

^2  (n  (h/a)  -2 

Ydu^  ^  J?n  '(2h/a)  {-0  +  5/12  k^h^  -J  2/a  k\^ 
y'^(h)  ^  R^h^-J  2/3  (4-9) 

C^kh  (1-Z^/h^) 
k  -  /S-J  «  . 

The  receiving  part  of  the  antenna  current  I^Cz)  reduces 
to  the  following  approximate  form  with  eq.  (4-9)  in  eqn,  (4-8): 
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I 


r 

z 


(z) 


air^^h^^cosysln  9 

£  -3) 


(J  (-3(7-)-J(1-3 


Where 

-  ^//£7'  120V/T7- 

2<»  C 

^  ’  "€061. 


(4-11) 


(4-lC 


The  Thevenln  equivalent  circuit  may  now  be  constructed 
for  the  receiving  antenna.  The  equivalent  circuit  is  shown 
in  Fig.  (4-2). 


Load  Impedance 


Pig.  (4-2).  Equivalent  Circuit  for  Receiving  Antenna. 


The  equivalent  impedance  Z  is  equal  to  the  Impedance 
seen  at  the  antenna  terminals  with  all  generators  short 
circuited  (l.e.,  V_  -0  or  E*"  »  0),  thus: 


Z  -  Zo' 

2w 


lAo  *  (»«(h)  +  J  B„(k) 


^  e 


.  £Jl-. 

3C^-3) 


+J 


P  -  ^ 


3  T  cn 


a 

cn-3)  . 


(4-12) 
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where 


/2«x' 


1 


The  equivalent  voltage  of  the  receiving  antenna  Ve  is 

the  open  circuit  voltage  at  the  antenna  terminals  (i.e., 

Z  =■<»),  thus: 

L 


00^ 


l/(Z: 


0)Z, 


(4-13) 


2  2 

2ff^  h  cos"^  Zq  sin  9 
i-,  (2  in  -3) 


^)'-3  (|.)  -J 


(4. 


5.  Theoretical  determination  of  the  electron  density  and 
collision  frequency  of  the  plasma  from  measurements  on 
the  recei\ing  antenna 

The  general  procedure  is  to  measure  the  equivalent 
Impedance  of  the  receiving  antenna  Z^,  due  to  the  incoming 
signal.  The  incoming  wave  is  assumed  to  propagate  parallel 
to  the  mai  etlc  field  under  Z-mode  conditions.  Prom  the 
measurement  of  Z^  the  dielectric  constant  £  and  conductivity 
are  determined.  The  values  of  ^  and  6  are  then  related  to 
the  electron  density  N  and  collision  frequency  v  through  the 
Appleton-Hartree  equations.  The  Applet on-Hartree  equation 
represents  the  propagation  factor  for  a  plane  (actually 
circularly  polarized)  wave  operating  in  the  Z-mode.  The 


14) 
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dielectric  constant  and  conductivity  for  a  left  handed 
circularly  polarized  wave  propagating  parallel  to  the  magnetic 
field  are  given  by  [uj  = 


£  .  €  c  .  C  fi-  ssi-  .  XAi 


2 

Ne  V 

— ? - 5" 

mV 


where 


«.  a  I  ^  ,  B-  =  static  mag.  field, 

b  I  m  o  o 


(5-1) 

(5-2) 

(5-3) 


When  the  above  expressions  are  simultaneously  solved 
for  N  and  v  the  result  is  given  by: 


2  -  v2 


and 


N  =  "'*^€o(l-€r)  vS(to-u>b) 

*  (‘*>-‘%) 


V  ,  ) 

“(Cc-C) 


(5-^) 


(5-5) 


The  values  of  £  =  €/f  and  (5  are  determined  by  the 

^  p  '  ^  0 

experimental  measurement  of  (=  1/Zq)  from  the  formulas 
given  by  King,  [^12^  or: 


_  Bjk)  r^l  p  tf2  2.,  ^BikL_  1 
“  B(^J  [  3  B(/9^)  U 


(5-6) 


and 
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5/2, 


/?  "CoC: 


_  Q(k)  -  €  r.  Qi/Fr,] 


(5-7) 
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where 

Y(/So)  .  0(^„)  + 

Y(k)  -  Q(k)  +  JB(k)  . 


(5-8) 


The  experimental  measurement  of  is  made  by  successively 

attaching  two  lengths  of  transmission  line  to  the  terminals 

of  the  receiving  antenna.  The  voltage  along  the  transmission 

line  is  first  sampled  at  x  with  a  line  length  and 

then  at  X  =»  Xg  with  a  line  length  Using  the  elementary 

transmission  line  theory  it  is  possible  to  relate  these  two 

measurements  to  the  Impedance  Zq. 

The  transmission  line  equations  for  a  lossless  line  yield 

the  following  expressions  for  the  voltages  at  the  two 

sampled  points;  (N.B.  Z  ^  characteristic  impedance  of 

o 

transmission  line); 


and 


V  (7  )  > 

'  3o(z. 

w  /d  \  ^ 

P+Zl)cos^>^;^+J(ZoZl+3 

[zLCOS^(j>2-X2)+J>o®i'^/^t^2-’^2) 

It  follows  from  eq.  (5-9)  and  eq.  (5-10)  that  the  ratio 
of  the  two  sample  voltages  is; 

Vxi  ZLC08/3(^l-Xi)+J^oSin/g(./>l-Xi)  ^o(Zo+ZL)co3/gf2+J(ZoZL+3o^)3in/gi>^ 

(5-11) 
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or 

V  =  •  ^0^2  ^3  (5-12) 

ZqA^i  +  A^ 

where 

^  _  Zl  cos  i^C^l-xi)  +  J^o  sln^^Cf^i-X]) 

^  Zl  oos^i^^-x^)  + 

Ag  -  ^0  cos/^^2  +  J  Zl  sin^^g 

A^  a  Ji  0  cos  /3Jn  +  3 

^^3  *  3  0  +  J  >  0^  l^•/2  (5-13) 

<^5  “  3  0  ^2  +  1  >  o® 

-  ''n/^x2 

The  above  formulas  may  be  simplified  if  the  probes 
are  arranged  such  that: 

A  •  ’'l  ’  A  ’  *2  ^1  "  1>  (5-14) 


and  therefore 


V  =  ZpAg  +  A^  _ 
Z0A4  -h  A5 

or  solving  for  Zq, 


(5-15) 


A^  —  VA^ 
0  "  VA4  -  Ag 


(5-16) 


The  effective  area  is  computed  by  finding  the  power 

dissipation  in  the  load  impedance  Z-^  due  to  the  incoming 

r 

wave  of  magnitude  E  ,  or: 


^  V  ^ 
2  e 


(Zl+^o)' 


■jAeS 


(5-17) 
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where 


=  effective  area 
e 

o 

S  =  power  density  In  wm  . 

Thus  from  eq.  (5-l4)  In  eq.  (5-17)  the  power  in  the 
load  Impedance  Is: 


2 

P  -  Re 

^  ^  -3)  I  ^  /3  F  2 


(Zl+^o) 
(5-l8) 


The  power  density  S  In  watts  per  square  meter  Is 
given  by: 

S  •  iExH*  .  ^ 

2  25g 

By  inspection,  the  effective  area  is: 


2r/sVcosY~slneZo[(°)^-3(^)-j(l-3^)] 


Ag  ^  Re  ■  nu 

(2^n  ^  -3) 


(5-19) 


Zl 

(Zl+Zo)' 


For  a  matched  load  =*  ,  or  Z  +  Z^  =  2Rq,  and  therefore: 


R  ,  .  .  _  ST^h^cosTTsineZo* 

Wnf-BTaR" 

for  (J.)<<  1 


IC/  -3(i)  -J  (1-  3^)]|  ' 


'(opti) 


2iTy92h2Qos'^sinO  Zq 
(2j^n  ^  -3)  2R, 
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